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ABSTRACT

It is shown in this paper, that at analysis of frequency
selective system response on the signa v(t)=Re(V
exp(juptj@)) it is useful to introduce concepts of "formal" and
"physical" envelope of quasi-harmonic oscillation. Formal
envelope does not depend on external phase @, but it contains
small components with frequencies close to 2wmo. Physical
envelope is obtained by informal transformation of standard
solution, does not contain quickly oscillating terms, but it
depends on external signal phase.

The exact solution of a starting operator equation of 2N-
order can be presented in the form of sum of two operator N-
order equations solutions. The first one determines the basic
component of response. The second one defines the correction
to the basic solution.

1. INTRODUCTION

The symbolic shortened equations method is offered by
S.I. Yevtianov in 1946 as a variety of Van der Pol method -
Ref. 1-3. Yevtianov's method is widely used at investigation
of linear and nonlinear frequency-selective systems due to the
simple approximation of starting operator in vicinity of
average band pass frequency and the simple algorithm of
response component sorting by orders of smallness
magnitudes. Later this method has been complementary based
on spectral responses of frequency-selective networks and on
the application of analytical signal theory - Ref. 4-7.

2. FORMAL AND PHYSICAL ENVELOPES

To simplify the treatment we will consider the band-pass
filters (BPF) with arbitrary response characteristics
(Butterworth, Chebyshev, Cauer etc.) as the model of a
frequency-selective system.

The BPF amplitude-frequency response is even function
of frequency |K(jld)=/K(-jd)| and has two pass band near
frequencies . and - w.. The free frequencies is occurred as
complex conjunction pairs s, = s, and focused in vicinity of
central frequency | -jw | < Aw. If free frequency is simple
we can write
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where Ay, A istheresidues of K(s) in pole of s, with
A=A\ According (1) K(s) can be conceived in form of sum
of two frequency responses which formed K(s) in up and
down part of complex plane s= o+jw.
To understand the behavior of filter reaction on harmonic
signal turn on v(t)=Re(V exp(juntj@)) we find the images of
input and output signals V (s)=Re(exp(j ot @)/(S-j o)),

U(9)= V(s) (K(s) + K()) and apply the second theorem of
operator calculus. The time domain response is presented as
sum of two components u(t)= u.(t) + u.(t)
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where By =A/(S¢ -jux), Bk = A /(Sk -joy) residues of K(s)/(s-

jox).

The response on resonance action is mainly of interest,
when the signal frequency is found in pass band |oy-| ~Aw,.
In this case the frequency of al components is appropriate to
introduce the complex envelope of response.

Once we have decided upon the reference frequency of
external action wy and to factor out V exp(juot+j@), we can
rewrite (2),(3) as

u(t) = Re(Be(t) V exp(joxt+jq)) 4
In (4) we introduce the “formal” complex envelope of filter
response by turn on the harmonic signal with V=1.
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The preferences of this approach are that, first, the
envelope Bg(t) is introduced by simple standard procedure
and, second, Bg(t) is not depended from signal’s phase. The
disadvantages are that this function contains not only constant
or slowly variable components, but also components B.
kexp(owt -j(w+up)t), which oscillate with frequency wy+u.
This frequency is approximately twice the central frequency
w,. To avoid the fast oscillations we exchange in (3) the
component with negative frequency By exp(sx @ by its
conjunctives. It is evidence that this is not changed the
solution. The time domain response may be written as:
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where B = AW/(s¢ +w).
The sum response (2), (6) is consistent with complex
envelope By(t), which we named as “physical”.
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The physica envelope does not contain the fast
oscillations, but as distinguish from formal envelope (5) thisis
depended on phase of input signal.

G-009



EFTF’02 16" European Frequency and Time Forum

It is showed that on resonance action the component u.(t)
a least have first order of smallness as compared with
component of basic solution u.(t). Actualy,
[K_(jop)/K+(jo)| < 072,
IB.i /Bil= 1(Tk + j(0-wo)/ (T + j(wicteo)| ~
It is taken into account that (wy-wy) ~ dwy and pole attenuation
is sufficient small 20y /ey = & ~ 6. (where 6 — the small
parameter). By saving in full solution only basic components
we obtain:
Uo(t) = Re(Bo(t) V exp(junt+@)).,
Bo(t)=Bp-(t)= Br.(t). ®
The correction to physical complex envelope of basic
solution can be written in form
AB(t)=K_(j0.)0) ZB * pOkt+i(@—wo - 20
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and slowly depend on wy when wy ~ @ In this case
B = (A/(OicH (wctan) =-jA/(0dcHup) (10
and expression for correction A B(t) can be simplified
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3. SHORTENED OPERATIONAL EQUATIONS

Previously we consider transient responses of BPF when
one turns on the jump of harmonic voltage with constant
frequency and given initial phase. Now we obtain the
differential equations, which defines in operator form the
complex envelope of quasi-harmonic signal. It is examine the
action on system by quasi-harmonic signal with given time-

depended complex envelope V/(t) = V(t)yexp(jalt)) :

v(t)= Re (\T(t)exp (jwot))

The components of response can be represented by
complex form. For example uy can be written as

Uo (t)= Re (U_(t) exp (jooot))
where U(t) =U(t) exp(j<p0 (t)) —the complex envelope.

It can be changed K.(s) by rational function K.(s) =
P(s)/Q(s), where P(s) and Q(s) is a polynomial with complex
coefficients, we can write the differential equation for time
domain responsein form

Q(9)y(t) = P() (t) , s=d/dt. (12

Going to complex envelope in (12) and omitting the sight

of Reinleft and right part of equation we obtain

Q) (t)exp(jeaot) = PV (t)exp(jwot) (13)
When we apply, according -Ref.1-3 the shifting theorem of
operator calculus to operator’s polynomial, in place of (13) we
have:

P(s+ jwo V(1) (14)
U(t)=K. (s+jwo V() (15).

Note, that (14) and (15) are the exact equations for
complex envelope U(t). They had been obtained from (12) by
the simple exchange of variable. This equation coincides with
analogous Yevtianov symbolic equations within of second
order of smallness magnitudes. The distinguish is explained by
different approach to approximation of frequency response for
K(s) near pass band.

The equation for complex envelope of correction Au(t) to
basic equation can be found from (9),(11). In particular by
resonance action, we have according (11)

Qls+jox )ut)=
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Equation for complex envelope can be solved on base of

Laplace transform (if complex amplitude of input signal has

simple image) or with help of Duhamel integral. The last
presentation is applied for complex time-depended functions.

4. CONCLUSION

In this paper, the modified proof of the method of
shortened operator equations was obtained. In this approach
the prerequisite to slowly change of complex envelope of
response did not used, in contrast to Van der Pole method,
Y evtianov method and other similar approaches -Ref.1-7. This
condition including the estimation of accuracy of first order
approximation expands the region of application of this
method. As examples the transients in BPF with Batterworth,
Chebyshev and Cauer filters were examined.
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